Abstract. In this paper we obtain the continuity of stochastically derivative linear random operators on (nonassociative) //'-algebras with zero annihilator. Moreover, we investigate the stochastic size of the separating subspace for linear random operators, on //'-algebras, which have some probability of being derivative.
I. Introduction
The continuity of derivations is a basic automatic continuity problem which has attracted many authors' attention since the Johnson-Sinclair theorem [18] , in 1968, asserted that derivations on semisimple Banach algebras are continuous; the most crucial result in this direction. Even in the nonassociative context, a great interest has been taken in these problems [17, 30, 31, 34, 35] .
Random operator on Banach algebras are of lively interest for their intimate connections with the random equations theory [4, 25] , and stochastically derivative random operators seem to be a new topic which was considered in [29] . Starting with the Johnson-Sinclair theorem, the notion of stochastically derivative operator was introduced, and a random version of the quoted theorem, showing that stochastically derivative linear random operators on semisimple Banach algebras are stochastically continuous, was proved. Now we shall be concerned with random derivations on (nonassociative) //*-algebras.
In this paper we show a random generalization of the fundamental result in [31] which asserts the continuity of derivations on //'-algebras with zero annihilator. For that, we say that a linear random operator, D, on a possibly nonassociative normed algebra, A , is stochastically derivative if and we show that stochastically derivative linear random operators on H*-algebras with zero annihilator are (stochastically) continuous. In fact, we can measure discontinuity of D by considering its so-called separating subspace, and we obtain, in Theorem 7, that every element in the separating subspace for a stochastically derivative linear random operator on an H*-algebra A is almost surely valued in the annihilator of A .
Moreover, we examine the stochastic continuity property for a linear random operator, D, on an H* -algebra A, which has a slight probability of being stochastically derivative in the following sense:
and, in Corollary 2, we investigate the "stochastic size" of the separating subspace for D, showing that every element in the separating subspace for D is valued in the annihilator of A with probability at least S . II. Some results about H* -algebras H* -algebras introduced and studied by Ambrose [1] in the associative case have been considered also in the case of the most familiar classes of nonassociative algebras [6, 8, 10, 11, 21-23, 32, 33] and even in the general nonassociative context [9, 11, 12] .
As it is known, an H*-algebra is a complex algebra A with a (conjugatelinear) algebra involution * whose underlying vector space is a Hilbert space in which the equalities (ab\c) = (a\cb*) = (b\a*c) hold for all a, b, and c in A .
The annihilator, Ann(^), of an algebra A is defined as the set of those a in A such that ab = ba -0 for every b in A, and a familiar result in the theory of //*-algebras is the following. Theorem 1. Every H* -algebra is the orthogonal sum of its annihilator and an H*-algebra with zero annihilator.
As it is well known, a normed algebra is said to be topologically simple if it has nonzero product but not nonzero proper closed ideals. The next theorem is a crucial result in the theory of nonassociative H* -algebras. Theorem 2 [11] . Every H*-algebra with zero annihilator is the closure of the orthogonal sum of its minimal closed ideals, and these are topologically simple H*-algebras.
As in [31] we apply techniques of central closeability in our study on continuity of "random derivations" on H* -algebras.
We recall that a prime algebra A over a field K is said to be centrally closed if, for every nonzero ideal I of A and for every linear mapping f : I -y A satisfying f(ax) = af(x) and f(xa) = f(x)a for all a in A and x in /, there exists X in K suchthat f(x) -Xx for all x in / (cf. [13] ).
Examples of centrally closed algebras are the topologically simple //*-algebras, as the next theorem shows.
Theorem 3 [9] . Every topologically simple H*-algebra is a centrally closed prime algebra.
For an element a in the algebra A, we denote by S'a and 3la the operators of left and right multiplication by a on A , respectively. The usual multiplication algebra of A will be denoted by M (A). Since for an element a in an //*-algebra A the adjoint L* of the operator La is La. and the adjoint of Ra is RU' , for every T in M (A) we have that T* lies in M (A).
Following the pattern established in [31] , our next goal consists of providing suitable sequences for the "random continuity problem". For that, we will need Theorem 3.1 of [13] which we establish now. Theorem 4 [13] . Given linearly independent elements xx, ... , xn in a centrally closed prime algebra A, there exists T in M (A) such that T(xx) = ■■■ = T(xn-i) = 0 and T(xn)^0. (1) There exist sequences {a"} in A and {Tn} in M (A) suchthat:
T"-Txa"£G and T"+x Tn-Txan = 0 V« 6 N.
(2) There exists a sequence {S"} in M (A) suchthat:
S"Sm = 0 ifm< n.
Proof. We assume that assertion (2) does not hold, and we deduce (1) from this assumption.
In a first step we prove that (1) S2n(A)nG¿0, n = l,...,N; SnSm = 0, 1 <m<n< N. Since the sequence {S} lies in y, we have that this set is nonempty. Moreover, we consider in *V, the partial order defined by {S"}"=i < {Sm}m=i iffN<MandSn = S'nforn = l,...,N. Then 'V is an inductive set, so the Zorn lemma assures the existence of a maximal element {S"}%=i in ^ which has N < oo (because we assume that (2) does not hold). For every n = I, ... , N let b" be in A such that Sn(A) = lin{¿"} (first condition) and S"(b") ^ 0 (second condition). From the equality S"Sm -0, l<m<n<N,we deduce now that vectors {bx,... , bn} are linearly independent. Now, let ax be in A such that {bx, ..., bn, ax} are linearly independent, and let Tx be in M (A) such that Tx(bx) = ---= Tx(bN) = 0 and Tx(ax)¿0.
If dim Tx (A) = 1, we apply the previous lemma to obtain again an element R in M (A) such that the element SV+i = RTX has the property S2N+x(A)f)Gjí0, but trivially dim(SN+x)(A) = I, and SN+xSn = 0, n = l,...,N Then the sequence {S"}^x lies in y which contradicts that {Sn}^=i is maximal. Therefore, it must be dim Tx(A) > 2, and thus there exists a2 in A such that Tx(ax) and Tx(a2) are linearly independent. Now let T2 be in M (A) such that T2Tx(ax) = 0 and T2Tx(a2) £ G. Reasoning as above we deduce that dim(T2Tx)(A) > 2. We suppose that ax, ... , ak and Tx, ... , Tk has been chosen inductively such that The study of Banach algebra-valued random variables is of great importance in the random equations theory [4, 25] . For this reason, these have been considered extensively, mainly for C* -algebras and associative //*-algebras [4, 14, 15, 24, 25].
For a Banach space X and a probability space (£2, 2, P) we consider the linear space -26(Q, X) (5fo(X) if there is no confusion) of all X-valued Bochner random variables on (Í2, S, P), endowed with the usual probability convergence topology (cf. [20] ). As it is pointed out in [20] with the almost surely identification on -So (A') we obtain a complete metrizable topological linear space denoted by L0(Q, X) ( Lq(X) if there is no confusion).
Since the operation of multiplication on an H* -algebra A is continuous, we have that the linear space S?o(A) is an algebra which contains A as a subalgebra.
We recall that a random operator T from a Banach space X to a Banach space Y is an operator from X to -26 (T), and it is called linear if, for all x and y in X and all a and ß in K, F[T(ax + ßy) = aTx + ßTy] = l, i.e., T is linear when we consider it as an operator from X into Lo(T).
Moreover, the continuity of T, also called stochastic continuity, means that, for every x in I, lim F[\\Tx"-Tx\\>e] = 0, n->oo for every sequence {x"} in X converging to x and every positive e, i.e., the usual continuity when T is regarded as an Lrj(T)-valued operator. We show in [27] that stochastic continuity of a linear random operator T between Banach spaces X and Y depends directly on the stochastic size of its separating subspace S^(T) where, as it is usual, SP(T) = {y £ SfalY) : 3{xn} -» 0 in X with {Txn} -> y in probability}.
For a linear random operator T and a measurable subset fi' of Q, with P[Q'] > 0, we consider the conditional operator Tc¿> : X -► -2o(Q', Y) given by Tçi'(x) = T(x)\qi , and following [27] we say that T is probably continuous if some of its conditional operators are stochastically continuous. For such an operator we define the number c(T) = sup{P[Q'] : Tçi> is stochastically continuous}, and also we define c(T) = 0 to be zero if T is not probably continuous. This number may be considered as "the probability of being T stochastically continuous", and it was shown, in [ Step 1. In the first step we assume that dim / < oo .
Thanks to the stochastic Banach-Steinhaus theorem [28] , it is straightforward to show that the set almost surely for all bx, b2 in / and a in A, we have that Dblb2 is stochastically continuous and so bxb2 £%(!). This proves that (I2)" is contained in W(l) and thus &(I) = / (because (I2)~ =1).
Step 2. Finally we assume that dim / = co . If, on the contrary, there exists bo in / such that Dbo is not stochastically continuous, then there exists a positive e with c(Dbo) < e, and we consider the nonempty set G = {b £ I : c(Db) < e}, which, by the random Banach-Steinhaus theorem [28] , is open. Thus by Corollary 1 we obtain either of the following assertions:
(i) There exist sequences {a"} in / and {T"} in M (I) suchthat:
Tn ■■ ■ Txan £ G and T"+x T"---Txan = 0 V« e N. Proof. By Theorem 1, A is the orthogonal sum of the annihilator Ann(y4) and an H* -algebra B with zero annihilator. Now, if we denote the orthogonal projection from A onto B by tib , we have that the linear random operator 7CbD\b on B is stochastically derivative so that, by the above theorem, it is stochastically continuous. D(a) is also a random variable on A, almost surely valued on Ann(^), for every a in A.nn(A). Now let a be an element in the separating subspace for D, and let {a"} be a sequence in A suchthat lima" = 0 and {D(an)} converges in probability to a. Then, since Corollary 2. Let D be a probably derivative linear random operator on an //*-algebra A, with a probability ô of being derivative. Then every element in the separating subspace for D is valued in the annihilator of A with a probability at least ô.
Therefore, if the //'-algebra A has zero annihilator, then D has a stochastically continuous conditional operator Da< with P[Q'] = 5(D), so that the next corollary follows. Corollary 3. Every probably derivative linear random operator on an H*-algebra A with zero annihilator is probably continuous. Infact.ifD is such an operator, then c(D) > 0(D), i.e., the probability of D being stochastically continuous is at least the probability of D being stochastically derivative.
V. Random derivations on real //'-algebras //'-algebras over the field of real numbers have been well considered in the literature (cf. [3, 7, 21] for the associative case and [2, 5, 16, 26] for the nonassociative case).
Since every random operator on a real //'-algebra A can be extended in a natural way to a random operator on the complexification of A (which is trivially an //'-algebra), preserving the property of being stochastically derivative or probably derivative, it follows, from Corollary 2, the next result.
